i Random variable

= A random variable X is a function that assigns
a real number, X({), to each outcome C in the
sample space of a random experiment

S
C— X(C):x
domain \
X —R
- N
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‘L Finding probabilities involving r.v. X

S
=5 s
domain
BcS§, B YR
_ %
'
A:{Q:X((;)EB}CS range S,
]
Bin S, occurs when Ain Soccurs new sample space
gk

P[B]=P[4]=P|{¢:X(¢)e B} |=P| X (B)]

A and B are equivalent events
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Ex

Event {X=k}={k Heads in three coin tosses} occurs when the
outcome of the coin tossing experiment contains three Heads.
The probability of the event {X=k} is given by the sum of the
probabilities of the corresponding outcomes or elementary
events.

py=P[X =0]=P{TTT}=(1-p)
p, = P[X =1]= P{HTT\+ P{THT}+ P{TTH} =3(1- p)’ p
p, =P[X =2|=P{HHT}+P{HTH}+P{THH}=3(1-p) p’
p, =P|X =3]=P{HHH}=p’

The p,’s can be used to find the probabilities of all events
involving X, i.e. we can deal with sample space S, and p,’s,
instead of dealing with sample space S and the probabilities of £

3
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i Cumulative distribution function (cdf)

s Defined as: F, (x)= P[X <x] for —o<x<o0
F, ()f) = P[X € (—oo,xn = P[Q ; X(Q) < x}
function of variable x Q

convenient way of specifying the probability of
all semi-infinite intervals of the real line

events of interest — when dealing with numbers — are intervals of the real line,
and their complements, unions, and intersections
and probabilities of all these can be expressed in terms of the cdf!
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‘L CDF properties

i. 0<F,(x)<I

ii. limF, (x)=1

X—>0

iii. lim F, (x)=0

X—>—00

iv. F,(a)<F,(b)fora<b
non-decreasing

V. Fy(b)=limF, (b+h)=F, (b") forh>0
continuous from the right
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i More CDF properties

{X<alUla< X <b}={X <b}

J
Fy(a)+P[{a<X <b}|=F,(b)

J
vi. [P[{a <X <b}]=F,(b)-Fy(a) |
l
Pl{b—ec< X <b}|=F,(b)-F,(b-¢)
[ e—0
vii. | P[X =b]=F, (b)-F,(b") |
magnitude of jump in CDF at b
if CDF is contlnuous at b, then {X=5b} is a zero-probability event
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i Other types of interval
{a<X <bl={X=a}U{a <X <b}
Pl{a< X <b}|=P[X =a]+F,(b)-Fy(a)
= F, (a)=F, (a” )+ F, (b)~F, (a)
=F, (b)—Fy(a")

for CDF that is continuous at aand b6
P[a<X<b]=P[aSX<b]=P[a<XSb]:P[aSXSb]

(X <xpU{X >x} ={-0< X <0}

viii. P[X > x| E 1-Fy (x)

BEEX — ECE 5605, Virginia Tech



i Ex CDF # heads in three coin tosses

F.(2-8)=P[X<2-
FX(x)T X( 5) - 5]
e = P_{O or 1 heads}]
o 1jump pZZ% =Pyt D .
| F(2406)=P|X <2+7]
8(7;_1 2 3 =P[{00r10r2heads}}

=

=Pyt Dt P,

pi={%is) == F(x)= 2 p, =) pu(x-x)
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i Derivative of CDF?

+
X

Fo(x)1 dF, (x)
1 dx
DR | ==
1 g < -
g — j Iy (S)ds
0 1 2 3 —*

=



i Derivative of CDF?

J i (s)ds = Fi (x") = Fy (=) = Fy ()

Fy(x)T fy(x)1 ;
ot £ (1) =2 pd(x-x)

i=0

- : ‘ ‘ Tt

o 1 2 3 o 1 2 3

=
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i Ex 3.5 message transmission time

= [he transmission time X of messages in a
communication system obeys the exponential
probability law with parameter A

P

:X>x:

Find cdf F, (x). |

F,.(x)=P[X <x|=1-P[X >x]|=+

—e™ x>0

Find P

P|T <X <2T|=F, (2T

BEEX — ECE 5605, Virginia Tech

T<X<2T|, where T ="
(0 x<0
1-e™ x>0

)_FX(T)

zl_e—zzT_(l_e—zT):_e—z_I_e—l



i Ex 3.5 message transmission time

continuous for all x

l

derivative exists everywhere
except for x=0

BEEX — ECE 5605, Virginia Tech
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