Random or stochastic processes
Definition

= Random experiment specified by (e S, by the
events defined on S, and by the probabilities on
these events. To each (e S, a function of time is
assigned according to some rule.

X(t,) tel
X

t,¢ )| is a function of time ¢
& realization, sample path, sample function

(
X(

t,{)| _ isafunction of £, i.e. anr.v.

t:tk . . ,
an indexed family of r.v.’s

{X(t,é’),t S ]} or random process
or stochastic process 3

if /is countable: discrete time SP
if /is continuous (non-negative) real line: continuous SP
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i EX 6.1 discrete-time SP
eSS =(01]

VeSS = an 27 binary expansion
n=1
discrete-time SP: X(n,é’) =b ;n=12,..

EX 6.2 continuous-time SP
CeS=[-11]
X (t,¢)=C cos(2mt);—0 <t <0

sinusoids with amplitude ¢

g esS=|-r,r] time-shifted versions of cos
Y (1,8)=cos(27t+¢);—0<t <
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Specifying a SP

sample the SP X(t,()t:t. —>1.v.'s X, X,,---, X,

joint behavior of the SP at these & time instants is specified
by the joint CDF of the vector r.v. X = (Xl,Xz,---,Xk)

we can now compute probabilities as before

a SP is specified by the collection of k" -order joint CDFs:
Fy.x (X%, )=P[ X <x, X, <x,,, X, < x, ]
for any & and any choice of sampling instants ¢,,---¢,

e v ( e )=P[X X, X
p X X — = X =X .. — X l
e b ¢ . 1 1_, 2,for z:llsclfete time SP
le»"'an ( 5" xk) for continuous-time SP
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partial characterizations using moments

i Mean, autocorrelation, autocovariance

o0

m, (t):E[X(t)]z jfo(t)(x)dx

—00

R, (tl,tz) = E[X(tl))((t2 )] = I j xny(tl)X(tz) (x,y)dxa’y

—00 —00

Cy(tt,)= E[{X(tl )—m, (tl )} {X(tz )—m, (¢, )}]
=R, (t,,t,)—m, (¢, )m, (1)
VAR[X (6)]= E| {x (0)=m, (0} |=C. (1.1
oo (1) = Cy(1,1,)
VG (6.6)Cy (11,

BEEX — ECE 5605, Virginia Tech ~predicting one r.v. as a linear function from another:
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i EX 6.6 random amplitude sinusoid

X(t)=Acos2nt m, (t)=E[Acos2nt|= E|A|cos2xt

Ry (tlﬂtZ) =

E
Yo}

mean varies with ¢

process is always =0 for fvalues
for which cos2n =0

| Acos(27t,) Acos(27t,) |
:AZ } cos(2xt, )cos(2xt,)

Cy (tl’tZ) =Ry (tlatz)_mX (tl)mX (tz)
- {E[Az}—E[A]E[A]} cos(2xt, )cos(2xt, )

BEEX — ECE 5605, Virginia Tech
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i EX 6.7 random phase sinusoid
X (t)=cos(wt+0©);0~U(-x,7)

T

m, ()= E| cos(wt +©) —chos (wt+60)d0=0

27
- mean is constant

Cy (1,1,) =Ry (1,,1,) = E| cos(at, + ®)cos(wr, +O) |

1 71
- g_”a{cos(a)(q ~1,))+cos(o(t, +t2)+26’)} do

1

=Ecos(a)(t1 ~1,))

covariance depends on absolute time difference only
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i Gaussian SP

A random process X (¢) is a Gaussian SP

if for any & and any choice of sampling instants ¢, <¢, <...<¢,
ther.v.'s X, =X (t,), X, =X(t,),..X, =X (¢,)

. . . L]
are jointly Gaussian r.v.'s discrete & continuous

fx (X) = le,XZ,---,Xk (xlaxza' "9xk)
exp{—;(x—m)T Kl(x—m)}

(27)?|K

BEEX — ECE 5605, Virginia Tech 16
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i K jointly Gaussian r.v.’s

r.v.'s X,,X,,---, X, are said to be jointly Gaussian

if their joint PDF 1s given by
Sx (X) £ le,Xz,---,Xk (xlaxza'”axk)

exp{ -1 (x-m) K (x-m)|

(27)2 K]
my ()
m = mXE(tz) K:{CX(ti’tj)}ijj
e (%)




‘L Multiple SPs

= Joint behavior of two or more SPs is specified
by the collection of joint distributions for all
possible choices of time samples of the SPs

= e.g. for X(f) and Y(t) specify all possible joint
density functions of X(t,),..., X(t,) and
Y(ty),...,Y(t)) for all k,j and all choices of ¢,,... .,
and t1tj
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Multiple SPs

= [he SPs X(t) and Y(t) are said to be independent if

the vector r.v.’s (X(t,),..., X()) and (Y(t;),..., Y(t)))

are independent for all k,j and all choices of ¢,,...,t,

and t,’,....t;
cross-correlation Ry (1,,,)=E| X (1,)Y (1,) |
SPs X (¢) and Y (¢) are said to be orthogonal if R, (#,,t,) = 0V1,.,1,

Cross-covariance

Cor (151,) = E[{X(tl)—mX (6)HY (&) -m, (tz)}]

= Ryy (tlatz)_mx (tl)mY (tz)
SPs X (¢) and Y (¢) are said to be uncorrelated if Cy, (¢,,1,) = 0V1,,t,
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i Ex 6.10 signal + noise
Y(¢)=X(t)+N(¢)

cross-correlation @

Ry (1,t,) = E X ()Y (1, )J
= E| X (1,){X(1,)+N()}
=E| X(1)X(t,) |+ E| X (1,) d )
:RX(tl h)+E| X(4 ]E[N )|
=Ry (t,8,) +my (1) my (1)
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Stationary random processes

= Essentially...the nature of the randomness
does not change with time

= Assuming the process started at t=-«...
A discrete-time or continuous-time SP X(f) is
stationary if the joint distribution of any set of
samples does not depend on the placement
of the time origin

FX(ZI),---,X(tk) (xla' ) '9xk) — FX(t1+r),---,X(tk+r) (xla' | '9~xk) ) \VIT, Vka tha' | '9tk

if SP starts at definite time, eq. =0 or n7=0, joint CDF does
not change under time shifts to the right
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‘L Jointly stationary SPs

= [wo processes X(t) and Y(f) are said to be
jointly stationary if

F v.)(xp...,xk,yp...,yj):

X(1) X () (8)-Y (1)

- FX(tl'l‘T)a"',X(tk+T)’Y(t1'+z-)".'aY(t'j+T) (xl’. RERVENAEN .’yj)

Vr,Vk, j,Nt, et Nt
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i First-order CDF of stationary SP
Fy(x)=Fy(x): V7, Vi

Fy (x)

I <= |

my (1)

E| X(t)|=m;V1
VAR(X (1))=E

_(X(t)—m)zJ =0’ ;Vt

mean and variance are constant

BEEX — ECE 5605, Virginia Tech 13



i Second-order CDF of stationary SP

Fw)x(n) (x,%,)=F X(4+7).X (1, 47) (%, x,)

F (0) (1) (x1-x,): Vi1,

autocorrelation and covariance depend only on time difference

BEEX — ECE 5605, Virginia Tech



i Wide-sense stationary (WSS) SP

= Often we cannot determine whether a
process is stationary, but we can determine
whether
s the mean is constant m, (t) =m;Vt

» the autocovariance (equivalently the
autocorrelation) is a function of time difference

only CX(tlﬂtZ):CX(tl_tz);VIl’tZ
s SP is WSS if both conditions hold

BEEX — ECE 5605, Virginia Tech 20



i Jointly WSS SPs

= X(t) and Y(t) are jointly WSS SPs if
s X(¥) is WSS
= Y(f) is WSS

s Colt,,1)=Cy(t-1,)=C (D)

= All stationary SPs are WSS

BEEX — ECE 5605, Virginia Tech
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‘L Autocorrelation function of WSS SP

= Plays a crucial role in the design of linear signal
processing algorithms

i R, (0)=E [X ? (t)} average power of the process

i Ry (r)=E|X(t+7)X(1)|=E| X(t) X (t+7)]|=R, (-7)
an even function of r
E’[XY|<E| X’ |E| Y’ |vX.Y
J .
R;(r):EE[X(er)X(I):EE[XE (t+7)|E| X*(r) | =R (0)
‘RX(T) <R, (0)
autocorrelation is max at F.O
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 If R (d)=R,(0) = R,(7) Is periodic with period
equal o a.
. Let X (¢)=m+ N(t)

N (t) is a zero-mean process > R, (7) — 0

{—»C

Ry(z)=E|{m+N(t+7)}{m+N(r)} |

=m’ +2mE| N(t) |+ Ry (1)
=m’ +R‘,,f,(r)1r::m2

)
R, (7) approaches m" (the square of the mean) as 7 — o



i Autocorrelation function of WSS SP

= Can have three types of component:
= A component that vanishes as >
= A periodic component

= A component due to a nonzero mean
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i Ex 6.30
“2alf]

R, (2') =e
X (¢) is zero-mean and R (7) — 0
2
R, (7)= %cos(zﬂfor) random phase sinusoid

Y (¢) is zero-mean and R, (7) has period f;

R,(7)=Ry(7)+R,(7)+m’
Z(t)=X(t)+Y(t)+m; X(¢) and Y (¢)independent

Note that it is not possible to determine which fraction of the
mean is contributed by the individual components

BEEX — ECE 5605, Virginia Tech 10
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i WSS Gaussian SPs

s Mean is not a function of ¢

s Autocovariance is a function of time
difference only

|/

= Joint PDF depends on mean and
autocovariance only

4

= A WSS Gaussian SP is stationary

all we need is m and C, (7)

BEEX — ECE 5605, Virginia Tech 11
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i EX 6.31
s X isiid sequence of N(0,c%) r.v.’s. Y, is the
average of two consecutive values

v X+ X m, =0.5E[X,+X,,]=0

C,(i,j)=E| Y, |= 0.25E[(X,. +X,)(X, +Xj_1)]

J

=025{E[x.x ]+ E[x.x ]+ E[x_x ]+ E[x X ]}

1 1 1

= B 0'251-—]' + 4 0'251'—]41 * 4 0251,_],_1 Vs 1s WSS

Y 1s a linear trafo of Gaussian r.v.'s, so Y 1s Gaussian

joint PDF is Gaussian, specified by m, and C, (i, /)

BEEX — ECE 5605, Virginia Tech 12



i Time averages & ergodicity

. 1 &
my (1) = ﬁZX(f’ {;)  ensemble averaging
i=1 repeating the experiment
from many realizations

X(¢,{)dt  time averaging
based on single realization

Ergodlc —>Stationary but not Vice versa

an ergodic theorem states conditions under which a time average
converges when the observation interval becomes large

we're interested in ergodic theorems that state when time
averages converge to the ensemble average or expected value

BEEX — ECE 5605, Virginia Tech 32
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X()=Acos2af t + V)
71s U.RV from 0 >2TT

Is X(t) mean and autocorrelation ergodic?




Mean, Autocorrelation of sine wave with random phase

X (t)=Acos(2nf 1+ 6)

Aand f_ are constants and €1s a RV that is uniformly distributed over range of 0 and 27
2z 1
m, ()= [ Acos(27f.1+6)——d6
) 2
m. (1) = Alsin2af.t +8)|" = zero

T
<X (1), >= j Acos(27f.t +0)dt
0

= Zero

cxt0, 005120

21
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Ergodic



Mean, Autocorrelation of sine wave with random phase

X (t)=Acos(2nf 1+ 6)

Aand f_ are constants and €1s a RV that is uniformly distributed over range of 0 and 27

R.(t,,1,) = E[X ()X (t,)] = A2E[Cos(27f.t, + 8)Cos(2af.t, + 6)]
2

R.(t,,1,) = A?E[Cos(Zﬂfc (t, —1,)+ Cos(2af.(t, +1,) +26)]

2 2
R.(t,,1,) = A? Cos(2af.(t,—1,) =R () = A? Cos(27f.(r)) W.S Stationary

<XOX(A+7)>=A" % _[ Cos2rf t+0)Cos(2af .(t+ 1)+ O)dt

<XOXE+7T)>= A % j [Cos(27f.7) + Cos(2af. (2t +T) + 26)\dt

2

<XMX(+7)>= A? Cos(2nf .(t)=R_(r) Ergodic



i Properties of Gaussian RP

1.

If @ Gaussian process X(t) is applied to a LTIS
then the output is also a Gaussian Process.

Gaussain Random process defined at a set of time
instants is completely defined by the vector mean
M and the covariance matrix C

If X(t) is a Gaussian WSS RP then it is a SS RP

If x(t) is @ Gaussian RP with uncorrelated RV then
they are also independent.



i Cross Correlation function

= Consider two random processes X(t) and Y(t) with
autocorrelation functions R,(t;,t;), R (t;,t;)
respectively

= The cross correlation function of X(t) and Y(t) is
defined by R, (t;,t;)=E[X(t,)Y(t;)] and

Ryx(tutz) =E[Y(t)X(t)].

= If X(t) and Y(t) are WSS then R, (t;,t;)= R, (1)

- ny(T)= Ryx('fc)



Transmission of a random process
through a linear filter

= Suppose RP X(t) is applied to a LTIS with impulse response
h(t), producing RP Y(t).
= What is the mean and autocorrelation of Y(t) w.r.t those of X(t)
Assuming X(t) is WSS RP.

m, (1) = E[y()]= E[h(t) ® X (1)] R (1,,1,) = E[y(1,) y(t;)] =

. . E[(h(1,) ® X (1)))(h(t,) ® X (1,))]
m, (t) = EL [ h(t) X (t—v)d7] = [ E[h(z)X (t =0)ld*

. = E[ [ ()X (t, ~2)dA [ h(0) X (t, —v)dv] =
m, (1) = jh(f VE[X (t —=7)]ldT = h(t) ®m (¢) —oo e

Since X(t)is WSSRP, m_(¢) =m I Ih(i)h(v)E [ X (t, -A) X (t, —v)ldAdv

—00—00

m (1) =m Th(r)dr =mH (0) R, (t,t,) =h()®h(t) ® R (1,,1,)
N Since X(t)is WSSRP,R_(t,,t,)=R_ (¢, —t,)

H (0) 1s zero frequency response of the system

R (7)= T ]:h(ﬂ,)h(v)RX (t—A+v)dAdv

—00—00




Power Spectral Density

i From Communication Theory we know that
Autocorrelation is the IFT of PSD

= IF X(t) is WSS RP o
Ry (7)¢—— 54 (f)
= Properties of PSD
LS, (0)= j R (7)dt

2 E[X*()] =Ry (0)= j Sy (f)df
3. §,(f)=20 Non Negative

“ Sy (f)=S8,(=f) forreal valued random process



i EX. PSD of sine wave with random phase

2
R.(7)= A? Cos(27f.(r)) W.S Stationary

= Using the F.T

Sx<f>=%[5<f—fc>+5<f+fc>]



i EX.

= Using the F.T

4
R.(7) = Az(l—?) 7| <T
0 Otherwise

2 . 2
S (f)=ATsinc” (fT)
EX.
Y(t)=X(t)cos(2af .t +0)
R, (D)=E[Y)Y(t+7T)]|=E[X(t)cosQaf t+O0)X (t+7T)cos2af (t+7)+6)]
R, (T)=E[X(@®)X (t+7)]E[cos2Af t +8)cos(2af.(t +T)+ O)]
R,(T)=R, (7)cos2afT)

Sy(f)=%[Sx(f—fc)+SX(f—fc)]



Relation among PSD of the input and
output RP of LTIS

= Suppose RP X(t) is applied to a LTIS with impulse response
h(t), producing RP Y(t).
= What is the PSD of Y(t) w.r.t PSD of X(t) Assuming X(t) is WSS RP.

S, (f)=Sy(HIH)

H(f)=1-exp(- j27fT)
H(f)| =HHH ()

H(f) =(1-exp(-j27T))(1-exp(+j27T))
H(f)| =+1-exp(~j2afT) —exp(+ j27(T))
H(f)| =2(1-cos2aT)) = 4sin*(4T)

S, (f)=4sin®(HT)S, (f)

EX.




i Cross Spectral Density

= Provides a measure of the frequency
interrelationship between two random processes.

= X(t) and Y(t) are jointly WSS RP with R,.(t) and
Ryx(7)
= Thus they have as a FT. Syy(f) and Syy(f)

n Syy(f)= Syx(-f)



i Noise

= Unwanted signal that tend to disturb the
transmission and processing of signals in
communication systems.

= Thermal Noise - random motion of electrons in a
conductor.

= Shot noise = arises in electronic devices, sudden
change in voltage or current.




i White Noise

= White & occupies all frequencies=> PSD is independent on
the operating frequency

= Dimensions of N, is watt per Hertz, N,=KT

SN(f):A;

&@=%&ﬂ

= Any two different samples of white noise no matter how
close they are will be uncorrelated.

= If white noise is Gaussian then they will also be independent



i Example

= X(t) and Y(t) have zero mean and they are
individually stationary in the wide sense.

s Z()=X()+Y(t) find S,(f)

R,(1,,t,) = E[Z(1,)Z(1,)]

=E[(X (1) +Y ()X (1,)+Y(1,))]

= E[X ()X )]+ ELX(5,)Y 1)1+ EL X (1))Y (2,)]+ E[Y ()Y (¢,)]
R,(7)=R,(7)+R,(?)+R,, (T)+R,, (T)

S2()=8Sx () +S,(H+S () +Sx (f)

If X and Y are uncorrelated

S,(F)=8x(f)+5,(f)



WGNi()

Rayax(t)
A
A
SN2
4
0 -

WGNi

(WGNi)




i Ideal low pass filtered white noise

= A white Gaussian noise with zero mean and variance Ny/2 is
applied to an ideal low pass filter of bandwidth B and
amplitude response of one.

= PSD of output Y(t) is

N,
Sy(f)=9 2

0O  otherwise

= The autocorrelation is R, (7) =N, Bsinc(2B7)

= Autocorrelation maximum at t equal zero equal N,B and
passes through zero at t=n/2B for n= integer values and
variance N B

= If noise is sampled at rate 2B then they are uncorrelated
and being Gaussian then statistically independent

_B<f<B



i RC low pass filtered white noise

1
J27RC

= The H(f) of RC filter is  H#(/)=—

1
1+ (24RC)*

= The PSD of the o/pis /)=

= The autocorrelation of the output is &,= Y. exp<_%>

= If noise is samples at rate 0.217/RC then they are
uncorrelated and being Gaussian then statistically
independent



i Ex sine wave plus white noise

X(@)=Acos(2af t+60)+ N(1)
0 is Uniformely distributed, N(t) is WGN

2

Ry(D)=E[X@®)X(t+71)]= %005(27;]‘62') + %5(2‘)

SX<f>=A7[5<f—fc>+5<f+fc>]+%



i Noise Equivalent Bandwidth

= Output average power of ILPF-> N_B
= Output average power of RCLPF-> N_/4RC

= Output average power of any filter > N ,BH?(0)
= Equivalent Bandwidth = [lH df

H*(0)
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