PDF of linear transformations

= [he joint PDF of Z can be found directly in terms
of the joint PDF of X by finding the equivalent
events of infinitesimal rectangles.

V=aX+bY V| [a b[X], [X
= = A
W=cX +eY 14 c el|lY Y

Al exists

< ||

X 4
y W

\4 (v, w) Junique (x, V):

N
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i PDF of linear transformations

_ fX,Y (an/) _ fX,Y (x,y)
dP 4]
dxdy

Jvw (Va W)

In general: Z=A4X

'

. le,---,Xn (x19“.”xn)

/2 (Z)éle,---,zn (215702,) = ‘A‘

BEEX — ECE 5605, Virginia Tech




i EX 4.36 linear trafo of jointly Gaussian r.v.’s

—(x2—2pxy+y2)
fXY(xay) = : e /(1_[)2)
| - 21— p’

m:%t ﬂm:flm = [4|=1

A A

BEEX — ECE 5605, Virginia Tech



i EX 4.36 linear trafo of jointly Gaussian r.v.’s

—(x2 —2pxy+y2)
fX,Y (x,y) : = /(l—p )

2a1=p7 (v=wY (v (viw) (viw)
X =2pxy+yt 2 A R
2(1-p7) 2(1-p7)
Vi (1-p)+w (1+p)
v } 2(1—p)(1{+g) :
I} V=W v+w| 1 201+ p) 2(1-p)
fV,W(V’W)_fX,Y(\/E 2 \/Ej_zﬂ_ﬁe

lVYand W are independent, Gaussian, zero-mean, r.v.’s
with variance 1+p and 1-p respectively

BEEX — ECE 5605, Virginia Tech 6



i PDF of general transformations
V=g (X.,Y)and W =g,(X.Y)

assumeﬂ invertibility

x=h(v,w)andy=h,(v,w)

find equivalent event of infinitesimal rectangles

Sfxy (h1 (v, w),h2 (v, w)) _ Sy (hl (v, w),h2 (v, w))

o o) == (o)
H_J
dxdy Jacobian of trafo

=[xy (hl (vsw), 1, (v, W))‘J(V’ W)‘

BEEX — ECE 5605, Virginia Tech



i Jacobian definition & property

v ov Ox  Ox |
ox Oy ov ow
J = det J = det
(x,y) : ow ow (V’W) - oy 0y
Ox Oy | | Ov  Ow
1
J(v,w)| =
‘ (V W)‘ ‘J(x,y)‘

S (h (v )., (v, W)) sum of such terms
‘J(X,y)‘ when there are

— [0y (h1 (v, w),hz(v, w))‘J(v, w)‘ multiple solutions

BEEX — ECE 5605, Virginia Tech 8
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Ex 4.37 Rayleigh r.v.

s Let Xand Y be zero-mean, unit-variance,
independent Gaussian r.v.’s. Find joint PDF of
V and W, when V=(X2+Y2)5 W =2(X,Y)

inverse Cartesian—polar
trafo ox Ox
COSW —vsinw

x=vc.osw J(v,w)zdet oV ow |_ | —
y=vsmw oy 0y SInw  vCOoSw
L Ov  Ow_
Jvw (v, w) = fxy (h1 (v, W),h2 (v, w))‘](v, w)‘
| v* cos? (w)+v? sin(w) 2
:Le[ %:Lve 4;v20,0£w<27z
27T \_2Y7_T,\ )

independent  U[0,27) Rayleigh

BEEX — ECE 5605, Virginia Tech



X=(X1,~--,X )

i Finding joint PDF for 7 functions of rnr.v.’s

Z, :gl(X)azz =& (X)a“'aZn =&, (X)

v

fZl,---,Zn (ZD. ) .9Zn)

J(xl,---,xn):det

BEEX — ECE 5605, Virginia Tech

z,=g(x),2,=2,(x),2,=g,(x)
unique ﬁlnverse

x,=h(z),x,=h(z),,x,=h,(z)

_ Jxx (h1 (z),---,hn (Z))

_ le,---,Xn (h1 (Z),"',hn (z))‘J(zl,...,Zn)

‘J(xp...,xn)

ox; ox,, 0z Oz
; J(Zl,'“,Zn) = det
0g, og, oh, oh,
| Ox ox, | | 0z 0z, | 13




i Expected value of functions of r.v.’s

similar to expected value of a function of one r.v.

-

j j g(x,3)fyy(x,»)dxdy X,Y jointly continuous

E[Z]=1%%
Zzg(xi»yn)px,y (X,-,y,,,) X,Y discrete

\

above generalizes to function of n7r.v.’s

in the obvious way: add more integrals, sums, and arguments

BEEX — ECE 5605, Virginia Tech 14



i Ex 4.39 expected value of sum of r.v.’s
Z=X+Y

!

E|Z|=E[X +Y]

B T ]g(x'+y')fX,Y (x',y")dx"dy'

—00 —00

=[xt (e ady s [ [ ify, () de'dy

—00 —Q0 —00 —00

—Jx fX dx +Iy fY )dy':E[ ]+E[Y]

generallzed E sum of | r v.’s is sum of £s
no independence needed

BEEX — ECE 5605, Virginia Tech 15



i Ex 4.40
X and Y are independent r.v.'s

@ ¢(X.¥)=g (X)g(Y)

E[g(X.Y)|=E|&(X)e(Y)]

} 2 assumptions!

generalizes directly

BEEX — ECE 5605, Virginia Tech



i Correlation of 2 r.v.’s

JK joint moment of Xand Y

j J x'y* f Yy (x, y)dxdy X,Y jointly continuous
E| XIY" |=420

> X vipey (xl. ,yn) X,Y discrete
J=0— moments of ¥ k=0— moments of X
j=Lk=1— E[XY]|: correlation of X and Y
if £[ XY|=0 we say that X and Y are orthogonal

BEEX — ECE 5605, Virginia Tech 17



Covariance of 2 r.v.’s

Jjkh central moment of Xand Y- E[(X—E[X])j (Y—E[Y])k}

Jj=2, k=0— VAR(X)
j=Lk=1-E[(X-E[X])(Y-E[Y]) |2 COV (X.Y)

COV(X,Y)=E

BEEX — ECE 5605, Virginia Tech

XY - XE
XY
XY
XY

-

centered r.v.’s

7=0, k=2— VAR(Y)

—-2E|X|E|Y|+E|X]|E
-ElX]E[Y]

Y|-YE|X|+E[X]E
Y

if E[| X]|=0 &/or E[Y]=0

Y]]

18



i Ex 4.41 COV of independent r.v.’s

COV(X.,Y)=E

pairs of independent r.v.’s have COV zero

BEEX — ECE 5605, Virginia Tech

E
0

X

X])(y-£[Y])]

X

X)) E|(v-E[Y])]

independence



i Correlation coefficient of Xand Y

» COV(X.,Y)

O xOy

E[(x-E[X])(v-E[r])]

O xOy

Px.y

==

correlation of zero-mean, unit-variance normalized r.v.’s

BEEX — ECE 5605, Virginia Tech



+

Xand Yindependent = COV(X, ¥)=0 = p, ,=0 = uncorrelated

Xand Yare said to be uncorrelated if p, , =0

Ex 4.18
px =0, with Xand Yjointly Gaussian = Xand Yindependent

BEEX — ECE 5605, Virginia Tech
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i Keep them straight

E[XY|=0: X and Y are orthogonal
correlation is zero: orthogonal

Py =0: X and Y are uncorrelated
covariance is zero: uncorrelated

independence = uncorrelated
Gaussian + uncorrelated = independence

correlation ~ linear dependence
dependence can be other than linear

BEEX — ECE 5605, Virginia Tech 24



i Jointly Gaussian r.v.’s

fX,Y(xay):
L 2 a
_ _ _ —m —m
2(1_10)(,Y)_ O-x X Gy O-y ]
) 2 s
ﬂaxay\/ IOX,Y —00 < X < 00
—00 < Y <0

PDF is centered at (m,,m,)

PDF bell-shape depends on c,, 6., pyy

BEEX — ECE 5605, Virginia Tech
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i Ellipses of constant-PDF

PDF is constant for ellipse described by: )

2 2
— - —m —m
AR o Xome | 2T T | constant
O, ’ O, o, o,

Py .y =0: principal axes along x and y directions

: - 1 20, ,0,0
o, » #0: major axis angle § = —arctan p)g,Y xTy
, > o
oy =0, = 0=45°
DEMO Gaussian.m

BEEX — ECE 5605, Virginia Tech 27



i Sums of r.v.’s
LetX,,X,,--,X, bea sequence of r.v.'s

S, ZX :>ES] ZE[X]

Ex51Z=X+Y > E[Z]|=E[X]|+E[Y]
VAR(Z):E:(Z—E[Z])Z} :E[(XJrY—E[X]—E[Y])z}
e[ {(x - £[x)+(r-£[1)) |

:E'(X_E[X]f +(r=E[Y]) +2(x - E[x])(y - E[Y])|

BEEX — ECE 5605, Virginia Tech
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i Variance of sum of r.v.’s

variance of sum of r.v.’s, in general:

VAR(iXij = ZH:VAR(X,-)+ZH: Z CoV (X, X,)

i=1 j=1,#i
variance of sum = sum of variances

special case X;, X, independentr.v.'s = COV(X > X j) =0

=> VAR (Z X ’j Z VAR(X,) if X, are independent r.v.'s

BEEX — ECE 5605, Virginia Tech



i Ex 5.2 sum of ni.i.d. r.v's

S = Z X, ; with X, independent, identically distributed r.v.'s
i=1

V

E

X, ~ (’ujo_z)

l

5,)= > E[X]= s

VAR(S,) =Y VAR(X,)=nVAR(X,) = no’
i=1

BEEX — ECE 5605, Virginia Tech



Central Limit Theorem

Let X,, X,,---be a sequence of iid r.v.'s with finite mean E| X | = u

. . 2 ! .
and finite variance o~, and let §, = ZX iy this= 8~ (n,u, naz)

j=1

o as n becomes large...the
CDF of a properly normalized S, approaches
the CDF of a Gaussian r.v. (Central Limit
Theorem)

BEEX — ECE 5605, Virginia Tech


Dr. Mohamed Khedr
Rectangle

Dr. Mohamed Khedr
Rectangle


CLT

S,=>.X, the X can have any distribution

j=1


Dr. Mohamed Khedr
Rectangle


i Ex 5.11

» Orders in a restaurant are iid r.v.’s ~(u=$8,6=%$2).
Estimate the probability that the first 100
customers spend a total of more than $840.
Estimate the probability that they spend a total of
between $780 and $820.

Let X, be the expenditure of the k" customer,
100

then S, = Y X, ~(nu =800,n0" =400)
j=I1

_ Sy —HH _ 515 —300

100 — O_\/; — 2(10)

|:>Z

BEEX — ECE 5605, Virginia Tech



i Ex 5.11 contd

7 Sio0 ~ MM _ 5190 —800

100 — O_\/; — 2(10)

840 —800 |

P[S,,, > 840] = P_ZIOO > 510) |- 0(2)=2.28(107)
780 — 800 820—800

P[780< S <820|=P <7 <

[ 100 | i 2(10) 100 2(10) )

=1-20(1)=1-3.18(107") = 0.682

Note: these are estimated probabilities

BEEX — ECE 5605, Virginia Tech
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