Expected value of r.v.’s

s CDF or PDF are complete (probabilistic)
descriptions of the behavior of a random
variable. Sometimes we are interested in less
information; in a partial characterization.

| i ] T NN 'z. l"!i'lTnn I n'{!F nr:‘ T o 7

X 6 ; :‘ “"‘li‘.. O T ':- “':n',.ﬂ_ﬂ 0 -1“| iy :l‘..n
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Expected value or MEAN

E[X]= thX(t)dt

E[X]ézk:xkpX(xk)

defined if integral or sum converges absolutely

E[|X|]= [|dfy@dt<oo  E[|X]]=Y|x|px (x,) <o

there are random variables for which the above do not converge
we then say “the mean does not exist”

E| X | represents the "center of mass"

arithmetic average of large # independent observations of a r.v.
will tend to the mean; it's like the “average of X’

BEEX — ECE 5605, Virginia Tech
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i Ex 3.29 mean of U[a,b]

o0

E[X]2 [ tf, ()t o Ula,b]
b i
p— d :_
!tb—a t ’
B b’ —a’ :b+a ¢ ’ iy
2(b-a) 2
b+a
2

midpoint of interval [a,b]
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EX 3.31 mean of exponential r.v.

= [Ime X between customer arrivals at a
service station has an exponential PDF with
parameter A. Find the mean inter-arrival time.
u dv judv=uv—jvdu

o T 0
E[X]=[the"dt=te™| +[e ™t
0 0

At |
= limte ™ —0+<— 1
t—o0 _/’L i

As X is customer arrival rate in customers per second, the
mean inter-arrival time of A-! seconds/customer makes sense!

BEEX — ECE 5605, Virginia Tech 23




i EX 3.32 mean of geometric r.v.

= N is the number of times a computer polls a terminal until
the terminal has a message ready for transmission.
Assuming the terminal produces messages according to a
sequence of independent Bernoulli trials, N has a
geometric distribution. Find the mean of N.

E[N]=3 kpq""
k=1

if probability of “success” is p, then it makes sense
that on average it takes p!trials to hit “success”

BEEX — ECE 5605, Virginia Tech



‘L Expected value of a function of a r.v.

o0

i y=g(x)7T
i i Vi h
alternative in terms of X i
E[Y]:ZkaY(Yk)h % x
k equivalent events
= Zg(’xk )fX (X ),
limit h—0

- [ g(x)1i (o

BEEX — ECE 5605, Virginia Tech 25



®~U(0,27]

i Ex 3.33 Y =acos(wt+0)

= Sampling a sinusoid with random phase. Find the
expected value of Y and of Y2,the power of Y.

E[Y]zE[acos(a)t+®)] E[Y2]:E[azcosz(a)t+®)}
=Tacos(a)t+t9)id6’ =a—22E[1+cos(2a)t+2®)]

2
2 a
0

_ %sin(wﬂ— 0)

2

= %[sin(a)t +27) —sin(a)t)] =0

agreement with time-averages: “"DC"” value of 0, power &*/2

BEEX — ECE 5605, Virginia Tech
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i Variance of X

s Provides information about a random variable
— In addition to its mean value — regarding its
deviations from the mean

D2X —E[X] deviation from the mean

o ) measures of “width/spread”
VAR| X | = E[(X—E[X]) } variance of r.v.
STD[X ]2 \JVAR[ X] standard deviation of r.v.

VAR[X|=E| X* -2E[X]X +E*[X]]

X? |- 2E[X]|E[X]+E*[X]

E
E| X |-E’|X]

BEEX — ECE 5605, Virginia Tech



i Ex 3.36 variance of X~U[a,b]

E[X]:b—lz-a
VAR[X]:biaJi'(x_szrajzdx
-4 (bj% ydy =" [ ey
R (b—a)_(b_% 12
U[-2,4] > E[ X]~ 4+g‘2) 1, VAR[ X] - (4_5;2))2 3

BEEX — ECE 5605, Virginia Tech 29



i 3.38 variance of Gaussian r.v.

(x m%2 — 00 < X <0

a@j

\/ﬂzj x—in e(x m%zdx
Yo

00 —()c—m)2
VAR[X]: 1 j(x—m)ze 4’2dx=02

BEEX — ECE 5605, Virginia Tech



Effect of VAR on the PDF of a Gaussian r.v.

PDF for Gaussian r.v.

0.4

0.35+

0.3

0.25

0.15+

0.1

0.05

0 | | | |
-10 -8 -6 -4 -2 0 2 4 6 8 10
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Mean & variance

= Are the two most important parameters for (partially)
characterizing the PDF of a r.v.

= Others are sometimes used, e.q. E[(X—E[X])ﬂ
skewness =

3
O

which measures the degree of asymmetry about the mean
s Skewness is zero for a symmetric PDF

= Each involves nt" momentofr.v. X: E X” j fX
« VAR[X]=E| X’ |-E*[X]

= Under certain conditions, a PDF is completely specified if
all moments are known (more on that later)

VAR[c|=0 VAR|X +c|=VAR|X| VAR|cX|=cVAR|[X]

BEEX — ECE 5605, Virginia Tech



Multiple r.v.’s

s Severalr.v.’s at a time

s Measuring different quantities simultaneously
» Engine oil pressure, RPM, generator voltage

» Repeated measurement of the same quantity
« Sampling a waveform, such as EEG, speech

= Joint behavior of two or more r.v.’s
s Independence of sets of r.v.’s
s Correlation if not independent

BEEX — ECE 5605, Virginia Tech



i Ex 4.1

s Let a random experiment be the selection of
a student’'s name from an urn: outcome (.

= Define the following three functions:
s H(({) = student’s height, in inches
s W(() = student’s weight, in pounds
s A({) = student’s age, in years

s (H(C), W), A(C) ) is a vector r.v.

BEEX — ECE 5605, Virginia Tech



i Events & probabilities

= Each event involving an n-dimensional r.v.
X=(X,, X,,..., X,) has a corresponding region
In an n-dimensional real space

s g 2-Drv. X=(XY)

A={X+Y<10}  B={min(X,Y)<5}  C={X’+Y’<25}
yT y1 y T

10 — 5

=

BEEX — ECE 5605, Virginia Tech



i Independence

= Intuitively, if r.v.’s X and Y are “independent,” then
events that involve only X should be independent
of events that involve only Y. In other words, if A,
Is any event that involves X only and A, is any
event that involves Y only, then

Pl[XeA,Yed|=P[XecA|P|Ye4,]

= In general, nr.v.’s are independent if
Pl|X €4, -, X, €d|=P|X eA]--PlX, 4]

where 4, 1s an event that involves X, only

if r.v.’s are independent, knowing the probabilities of the r.v.’s in isolation
suffices to specify probabilities of joint events

BEEX — ECE 5605, Virginia Tech



i Pairs of discrete r.v.'s vectorr.v. X=(X.,Y)
S={(x0 ) =12k =1,2,-)
joint probability mass function:
Pry (.30 ) = P{{X =x,}N{¥ =y}

Pl X=x,Y=y| j=12 k=12,
gives probability of occurrence of pairs (x; ;)

For any event A: P[X e A|= Z ZPX,Y(xf’yk)

(xjoyk) €4

> b (x,01) = P[S]=1

BEEX — ECE 5605, Virginia Tech j=1 k=1 12



i Marginal PMF’s

Px (xj) = Pxy (xj,any yk)

|l
[Ms

Pxy (xjayk)

=~
I

1

Py (yk) = ZpX,Y (xjayk)
j=1

marginal PMF’s are
insufficient — in general -
for specifying joint PMF

BEEX — ECE 5605, Virginia Tech
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J1

i Joint CDF of Xand ¥
= Basic building block:

semi-infinite rectangle: {(x, y){x<xN{y< yl}}
joint cumulative distribution function of X'and Y
Fyy (xl,yl) =P :{x < xl} M {y < yl}] product-form event

=P[X <x,Y<y]

long-term proportion of times in which the outcome (x,))
falls in the blue rectangle, or the probability mass in it

BEEX — ECE 5605, Virginia Tech 17



properties of the joint CDF

LFyy ('xlﬂyl) SIyy (xzayz) X SX, VS0,

non-decreasing in NE direction

ii. Fy (-0, ) = Fyy (x,,—0)=0

neither X nor Ytakes on values <-«

ifi. F, , (00,00) =1
’ Xand Ycan take on only values <o

iv. Fy (x)=Fy y(x,0)=P|X <x,Y <o|=P[X <x
F, (y)zFX,Y (oo,y):P[X<oo,YSy] =P[Y3y:
marginal cumulative distribution functions

v }E? Fay (x,y) =L (a,y) continuous from N & E

lim F, , (x,y)=Fy,(x,b)

+
)F—>b
BEEX — ECE 5605, Virginia Tech 18




i Ex 4.8 marginals for continuous joint r.v.’s
Given F , (x,y)= (1 —e_ax)(l —e )u (x)u(y)

y 1
N

Fo(x)=lmF,,(x,y)= (l—e_“x)u(x)

y—>©

=

F, (y) =limF, , (x,y) = (l—e_ﬂy)u(y)

X—>00

X marginal CDFs are exponential distributions
with parameters a and 3 respectively

BEEX — ECE 5605, Virginia Tech 19



i Joint CDF in terms of joint PDF & v.v.

X Yy
FX _ijXY ',y')dx'dy'
@If Jomtly continuous r.v.’s
f . az X Y x y
XY - Oxoy

if the CDF is discontinuous
- or the partial derivatives are discontinuous -
then the joint PDF does not exist

BEEX — ECE 5605, Virginia Tech 23



+

by b,

A={(x,y):a1<x£bl;a2<y£b2}

Pla, <X <b,a, <Y£b2]=H.fX,Y (x',»")dx'dy’

P[x<X£x+dx,y<Y£y+dy]: I

~

BEEX — ECE 5605, Virginia Tech

a a,

x+dx y+dy

X Y

Sey (¥

j fX,Y (X',y')dX'dy'

: y) dxdy

24
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i Marginal PDF’s from joint PDF

d d X o0
y1 fX(x)_EFXY(X ©) = o {fo,y(x'ay')df}dx'
. = j f Xy (x, y ')dy' concentrating mass on x-axis
d

1 fY(y)__F JfXY 9y)dx

dy —0 concentrating mass on y-axis

%
X

marginal PDF’s are obtained by integrating out the other variable(s)

BEEX — ECE 5605, Virginia Tech 25




)1 (x, )e[O,l]x[O,l]
fX’Y(x’y)E{O y oW.

i Ex 4.10 CDF for jointly uniform r.v.’s

x Yy

FX,Y (X,J/): J- J-fX,Y (x',y')dx'dy'

ldx'dy'=xy for (x,y)ell

[
1
|
|
|
|
|
1
1
1
|
|
|
|
|
T
1
1
1
1
1
1
1
1
1
1
1

ldx'dy'=x for (x,y) e lll

ldx'dy'=y for (x,y) elV

_____6____
i
I

]
]
-
<
O — O e~ O O ey

ldx'dy'=1 for (x,y) eV
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i Ex 4.11 finding marginal PDF’s

ce e’ 0<y<x<w
fX,Y(xay):{ Y

0 0.W.
_ (" oy I R
o1 1—.0 joce e dydx—jo ce joe dydx
Ny | o -1
y= —[Tce S dx=S=c=2
’0 —1 2
’ X

fr(x)= :Ox 2e "eldy =2e (1 — e‘x) 0<x<
Sy (v j 2e e "dx=2e” ( - ) 2¢ 0<y<owo

- are these PDF’s?
BEEX — ECE 5605, Virginia Tech
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i Ex 4.12 Find P[X¢ Y<1] in EX 4.11

BEEX — ECE 5605, Virginia Tech

=

PlX+Y<l]=

0.5

J0
0.5

J0
0.5

J0

1—

y

2e”

2e”

e e dxdy

ol-y
e "dxdy

vy

e’ —e 1Y) ] dy

—e'+tl-e'=1-2¢"

29



i Ex 4.13 Find marginal PDFs of jointly Gaussian PDF
1 —(x2—2pxy+)7
2(1-p?
frer (x.0) e )

1 27J1- p*
B _72(1_102) —(—2pxy+y% ) SymIIfEtl‘y
e o0 2(1-p?
fo(x)= e dy
X( ) o l—,02 j—oo | fy(J/)IfX(X)
completing the square

) 1—,02 —(p2x2—2pxy+)y
_ e ( ) o0 . 2(1_p2)dy

272_ /1 . pZ J-—oo

A | _(y_p%l_,;) A

= I e dy=——=—=N (O, 1)
N2z T 1= p*N27  ivsa PDF

BEEX — ECE 5605, Virginia Tech 30
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i Independence of two r.v.’s

BEEX — ECE 5605, Virginia Tech



Ex 4.15 another look at Ex 4.6 loaded dice

" joint PMF in units of% marginals give no clue
j 1 2 3 4 5 6

1/2 1111 1 ) 1

211 2 1 1 1 1 |

371 1 2 1 1 1 |

411 1 1 2 1 1 > |

51 1 1 1 2 1 |

6 \\1 I 1 1 1 2/ Y, |

~—
11111 % not independent

BEEX — ECE 5605, Virginia Tech

Px.y (xj9yk) 7 Px (xj)pY (yk) VX,
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i Independence of two r.v.’s in general

@IFF

Pxy (xj»yk)=PX(xj)pY(yk) VX,V discrete

Fyy (x,y) =F, (x)FY (y) VXx,y

Sy (5,9)=f (%) £y (¥) Vx,p jointly continuous

BEEX — ECE 5605, Virginia Tech 14



i EX 4.1/ back to Ex 4.11 yT

2¢ e’ 0<y<x<w

0 oW. 0

joint fX,Y(x,y) {

=

fX j 2e “eldy =2e (1 e_x) 0<x<
marginal PDFs

f I 2e eV dx = 2e‘y( )— 207 0<y<owo
product? 2e e’ #2e™” (l—e_x)2e_2y

X and Yare not independent

BEEX — ECE 5605, Virginia Tech 15



i Ex 4.18 back to Ex 4.13

—(x2 —2,0xy+y2) )
fX,Y (x,y) : /(l—p )

1
N

e_ % e_y%
fX(x):\/E fY(y):\/E
e_ % e_y% - e_(szryz%

BEEX — ECE 5605, Virginia Tech
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‘L Conditional probability

= Many r.v.’s are not independent, such as
when measuring one variable to learn about
another one, or when sampling slowly relative
to the rate of change of a signal.

= We're then interested in the probability of an
event related to Y, given the knowledge of
X=x (a measurement)

s We'll see that E[Y]|X=X] is of significance also

BEEX — ECE 5605, Virginia Tech
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i Conditional probability

P[Y e 4,X =x]
P|X =x]

Pl[Yed|X =x]|=

Xdiscreteﬂ
PlY<y,X=x
FY(y|xk): [P[X:x]k]
k

if derivative exists :
ﬂ d wg
fY(y|xk):d_yFY(y|xk)

N\

PlYed|X=x]= | f,(y|x)dy

y

BEEX — ECE 5605, Virginia Tech
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i Conditional probability

P[Y e 4,X =x]
P[YeAd|X =x]=
P[X =x]
Xand Ydiscret e@ P[sz Yzy]
pY(yj|xk): |:Y yilX = xk:| P[Xk;x] ]
k
Sfunctiﬁ; (pX,Y(xk,yj)

~ PMF weights = for PLX =x]=px (%) > 0

N

Py (%)
0for P|X =x,|=p,(x,)=0

\

in general

P[YeAIX x]=2 (v, 1x5)=> by (»))

“EEx - o 5505, Vg Tech Vi€ 714 if also independent



EX 4.20 back to Ex 4.14

= X is the input and Y the output of a communication
channel. P[Y<0|X=+1]"

£, (y11)~U[-1,3] => P[Y<0|X:+1]:Edy:l

o

integrate over event

BEEX — ECE 5605, Virginia Tech
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Conditional CDF of Y given X=x

FY(y|x)é£in8FY(y|x<X£x+h)

Y x+h

_PY<yx<X<x+h] Ljfky x', y")dx'dy'

Ple<xsxeh] xrfx(x)dx

y y
| Sy (y)dy' [ Sy (50" dy"

hy (x) i . Ty (x) if independent
= [ £, (¥)dv'=F, (»)

BEEX — ECE 5605, Virginia Tech 23



i Conditional PDF of Ygiven X=x

jifX,Y (x,y')dy'
FY(y|x) — fX(x)

d
d_yFY(y|x):

| <= ||

Sxy (x,y)
fx (%)

almost Bayes' rule

, V) dxd
(1) dy = L2 2B

fY(y|'x)

if independent

fY(y|x):fY(y)

-_

Iy (x)dx

BEEX — ECE 5605, Virginia Tech



i Ex 4.21 back to Ex 4.11

{cexey 0<y<x<ow

fX,Y (x,y)

y1 0 0.W.
y=x 1 | fX(x)=2e_x(1—e_x) 0<x<oo
- fY(y):2e_2y 0<y<ow
0 ; @
Jyy(X,¥) ¥ 2e e e
fe(x]y)= )}i(y) = ¢ iy <x<o
7, (y | x) B Srr (X)) _ 2ee” _ e’ 0<y<x

- fX(x) _Ze_x(l—e_x) l—e™

BEEX — ECE 5605, Virginia Tech 25
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