i Bayes’ Rule

Let {B,,B,,---,B,} be a partition of S then

Pl A}:P[ifQ]A] ~ P[4]B,]P[B)]

ﬁ S P41 (B

a posteriori probability

the partition corresponds to a priori events (of interest)
A corresponds to a measurement/observation

BEEX — ECE 5605, Virginia Tech



iEx

= A 1isreceived; what is the probability that a 1

was transmitted? 05
PR |T |P|T — | 2
P[Ti|Rl]: [ 1| 1] [ 1]: (1 8)p i( 8)/ _

P[Rl] (1—8)p+8(1—p)
Bayes’ Rule

total probability P[R |= P[R, | T,]P[T; ]+ P[R | T, P[T,]
=(1-¢)p+e(l-p)
p=0.5

P[To|R1]:P[RI|TO]P[]B]= 2(1=p) ig/zzs

P[Rl] (1—8)p—|—8(1—p) 1/2

BEEX — ECE 5605, Virginia Tech 12
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i Independence of events

= Knowledge of the occurrence of event B does
not alter the probability of some other event A
s A does not depend on B @

P|A]=P|A4|B]=

events A and B are independent 1f
P|ANB]=P|A]|P|B]

UMl P[B] =0 UMl P[4] =0
P|A|B|=P|A] P|B| A|=P|B]

BEEX — ECE 5605, Virginia Tech 14
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i EX 2-D continuous

two numbers x and y are selected at random between 0 and 1
events 4 :{x > 0.5}, B :{y > 0.5}, Cz{x > y}

y
1
B PlANB| 1/4 1
A P[B] 1/2 2
ol 1 1 A and B are independent
X ratio of proportions has remained the same
y
1
A Pl4ANC
1 p[A|c]: [ i ]:3/8:§¢l:p[,4]
2 C P[C] 1/2 4 2
0 LI ratio of proportions has increased
2

X i.e. we gained “knowledge” from measuring C

BEEX — ECE 5605, Virginia Tech 16
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i Independence of 4, B, and C

/

P[ANB]=P|A]|P|B]
1. pairwise independence: < P[4NC]= P[A]P[C]
PlBNC]=P(8]P[C

-

2. knowledge of joint occurrence, of any two,
does not affect the third: P[C| AN B]=P[C]

P[ANBNC] |
A, B, C are independent P[AﬂB] :P[C]

if the probability of the intersection

of any pair or triplet of events P[A NBN C] — pl4 N B] P[C]
equals the product of the probabilities _p :A] e [B] . [C] —Y

of the individual events

BEEX — ECE 5605, Virginia Tech




i Ex pairwise independence is not enough

two numbers x and y are selected at random between 0 and 1
events: B={y>0.5},D ={x<0.5}

F={x<05,y<05}U{x>0.5;y>0.5}

1
B
D ST g g
0 ]E 1 P-BﬂF-:l:ll:P'B'P F PalrWISC
o 422 independent
1 11
Y1 ” P[DﬂF]_Z_EE_P[D]p[F] )
[F P[BNDNF]= P[2]=0
LI 111 1 violates
O E P-B-P D P F —_——— = — nd o e
BEEX — ECE 5605, Virginia Tech A T [ ] [ ] 2729 g 2 COndlthg
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Independence of 17 events

= Probability of an event is not affected by the joint
occurrence of any subset of the other events

events B,.,B,,--,B

n

are said to be independent if for A=2....,n

P/ B NB N--NB, |=P|B, |P|B, |-P|B, ]

h

where 1<j <i,<--<i, <nm
2" —n—1 possible intersections to evaluate! A

= Assuming independence of the events of
separate experiments iIs more common

s E.g. one coin toss is independent of any before/after
independent experiments

BEEX — ECE 5605, Virginia Tech 19



i Sequential experiments

= Many random experiments can be viewed as
sequential experiments consisting of a
sequence of simpler subexperiments

= [he subexperiments may, or may not, be
iIndependent

BEEX — ECE 5605, Virginia Tech
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Sequences of independent experiments

= Random experiment consisting of performing experiments E,,
E,...E

n

= Outcome is an n-tuple s=(s,,s,,...,S,) where s, is the outcome of
the k-th subexperiment

=  Sample space of sequential experiment contains n-tuples; it is
denoted by the Cartesian product of the individual sample
spaces S xS,x...xS,

= Physical considerations will often indicate that the outcome of
any given subexperiment cannot affect the outcomes of the
other subexperiments; it is then reasonable to assume that the
events A A,,...,A,—where A, concerns only the k-th
subexperiment — are independent:

Pl4NA4,N---NA,|=P|4]|P[4,]-P|4,]
facilitates computing all probabilities of events of the sequential experiment

BEEX — ECE 5605, Virginia Tech 21



iEx

s Select 10 numbers at random from [0,1]
= Find P[first 5 #'s <1/4, last 5 #'s >1/2]

4, ={x<i} fork=1,...,5 A, :{x>%} for k =6,...,10

= Assuming selection of a number is
independent of other selections

P[4, N4, ﬂ---ﬂAn]:P[Al]P[Az]'"P[A”]:GJS GJS

BEEX — ECE 5605, Virginia Tech 22
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i Random variable

= A random variable X is a function that assigns
a real number, X({), to each outcome C in the
sample space of a random experiment

S
C— X(C):x
domain \
X —R
- N

BEEX — ECE 5605, Virginia Tech



‘LEX

= [0ss a coin three times. Note sequence of
Heads and Tails.

S ={HHH,HHT,HTH,HTT,THH ,THT , TTH,TTT}
s Let X be the # of Heads in three coin tosses

¢ : HHH HHT HTH THH HTT THT TTH TTT
X©:3 2 2 2 1 1 1 0

» Xis ar.v. taking on values in the set §, ={0,1,2,3}

BEEX — ECE 5605, Virginia Tech
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‘L Finding probabilities involving r.v. X

S
=5 s
domain
BcS§, B YR
_ %
'
A:{Q:X((;)EB}CS range S,
]
Bin S, occurs when Ain Soccurs new sample space
gk

P[B]=P[4]=P|{¢:X(¢)e B} |=P| X (B)]

A and B are equivalent events

BEEX — ECE 5605, Virginia Tech
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Ex

Event {X=k}={k Heads in three coin tosses} occurs when the
outcome of the coin tossing experiment contains three Heads.
The probability of the event {X=k} is given by the sum of the
probabilities of the corresponding outcomes or elementary
events.

py=P[X =0]=P{TTT}=(1-p)
p, = P[X =1]= P{HTT\+ P{THT}+ P{TTH} =3(1- p)’ p
p, =P[X =2|=P{HHT}+P{HTH}+P{THH}=3(1-p) p’
p, =P|X =3]=P{HHH}=p’

The p,’s can be used to find the probabilities of all events
involving X, i.e. we can deal with sample space S, and p,’s,
instead of dealing with sample space S and the probabilities of £

3

BEEX — ECE 5605, Virginia Tech 25
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i Cumulative distribution function (cdf)

s Defined as: F, (x)= P[X <x] for —o<x<o0
F, ()f) = P[X € (—oo,xn = P[Q ; X(Q) < x}
function of variable x Q

convenient way of specifying the probability of
all semi-infinite intervals of the real line

events of interest — when dealing with numbers — are intervals of the real line,
and their complements, unions, and intersections
and probabilities of all these can be expressed in terms of the cdf!

BEEX — ECE 5605, Virginia Tech 28
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‘L CDF properties

i. 0<F,(x)<I

ii. limF, (x)=1

X—>0

iii. lim F, (x)=0

X—>—00

iv. F,(a)<F,(b)fora<b
non-decreasing

V. Fy(b)=limF, (b+h)=F, (b") forh>0
continuous from the right

BEEX — ECE 5605, Virginia Tech
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i More CDF properties

{X<alUla< X <b}={X <b}

J
Fy(a)+P[{a<X <b}|=F,(b)

J
vi. [P[{a <X <b}]=F,(b)-Fy(a) |
l
Pl{b—ec< X <b}|=F,(b)-F,(b-¢)
[ e—0
vii. | P[X =b]=F, (b)-F,(b") |
magnitude of jump in CDF at b
if CDF is contlnuous at b, then {X=5b} is a zero-probability event

BEEX — ECE 5605, Virginia Tech



Dr. Mohamed Khedr
Rectangle

Dr. Mohamed Khedr
Rectangle

Dr. Mohamed Khedr
Rectangle


i Other types of interval
{a<X <bl={X=a}U{a <X <b}
Pl{a< X <b}|=P[X =a]+F,(b)-Fy(a)
= F, (a)=F, (a” )+ F, (b)~F, (a)
=F, (b)—Fy(a")

for CDF that is continuous at aand b6
P[a<X<b]=P[aSX<b]=P[a<XSb]:P[aSXSb]

(X <xpU{X >x} ={-0< X <0}

viii. P[X > x| E 1-Fy (x)

BEEX — ECE 5605, Virginia Tech



i Ex CDF # heads in three coin tosses

F.(2-8)=P[X<2-
FX(x)T X( 5) - 5]
e = P_{O or 1 heads}]
o 1jump pZZ% =Pyt D .
| F(2406)=P|X <2+7]
8(7;_1 2 3 =P[{00r10r2heads}}

=

=Pyt Dt P,

pi={%is) == F(x)= 2 p, =) pu(x-x)

BEEX — ECE 5605, Virginia Tech M 34
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i Derivative of CDF?

+
X

Fo(x)1 dF, (x)
1 dx
DR | ==
1 g < -
g — j Iy (S)ds
0 1 2 3 —*

=



i Derivative of CDF?

J i (s)ds = Fi (x") = Fy (=) = Fy ()

Fy(x)T fy(x)1 ;
ot £ (1) =2 pd(x-x)

i=0

- : ‘ ‘ Tt

o 1 2 3 o 1 2 3

=

BEEX — ECE 5605, Virginia Tech



i Ex 3.5 message transmission time

= [he transmission time X of messages in a
communication system obeys the exponential
probability law with parameter A

P

:X>x:

Find cdf F, (x). |

F,.(x)=P[X <x|=1-P[X >x]|=+

—e™ x>0

Find P

P|T <X <2T|=F, (2T

BEEX — ECE 5605, Virginia Tech

T<X<2T|, where T ="
(0 x<0
1-e™ x>0

)_FX(T)

zl_e—zzT_(l_e—zT):_e—z_I_e—l



i Ex 3.5 message transmission time

continuous for all x

l

derivative exists everywhere
except for x=0

BEEX — ECE 5605, Virginia Tech
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i Ex 3.6 waiting time in queue

= Customer waiting time X is zero if he finds the
system idle, and an exponentially distributed
random length of time if he finds the system busy;
the probability for finding the system idle is p.

F.(x)=P[X <x
= P[X < x|idle]p+P[X < x|busy](1- p)
:u(x)p+(1—€_lx)(1_l7)“(x)

BEEX — ECE 5605, Virginia Tech



i Ex 3.6 waiting time in queue

FX(x)T
1 ............................................
p+(1—p)(1—e 4 )
p
0 x
1

sum of step function
and continuous function

BEEX — ECE 5605, Virginia Tech
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Types of random variables

= Discrete
s CDF is right-continuous, staircase function of x, with jumps
at a countable set of points x,
s Probability mass function p(x,)
s CDF can be written as weighted sum of unit step functions

= Continuous
s CDF is continuous everywhere

s CDF can be written as the integral of a non-negative
function (its derivative)
s P[X=x]=0 for all x

BEEX — ECE 5605, Virginia Tech
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Types of random variables

s Mixed

s CDF that has jumps on a countable set of points x,,
X;, X, ... and also increases continuously over at
least one interval of values of x.

s F(x)=pF(x)+(1-p)F ~(x) with 0<p<I

s Can be viewed as being produced by a two-step

process

« An unfair coin is tossed: if Heads, a discrete r.v. is
generated according to Fp(x); if Tails, a continuous
r.v. is generated according to F(x)

BEEX — ECE 5605, Virginia Tech
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i More PDF properties

11. P[aSXSb]zl]fX (x)dx

i, Fy(x)= | fy(r)dt
the PDF completely specifies the behavior of continuous r.v.’s

1v. I fy (¢)dt =F,(o0)=1  unit probability mass
—a0 PDF is like “mass” density

a valid PDF can be formed from any nonnegative,
piecewise continuous, integrable function

PDF — like CDF — is defined over (-o0,%) .

BEEX — ECE 5605, Virginia Tech



Ex 3.7 Uniform random variable

1
£ ()1 fx (%) b_a(u(x—a)—u(x—b))
0 x<a
1 —_

P FX(x):<z_Z a<x<b

1 b<x
- FX(x)T
1 ..............................
ij (5 )ds
BEEX—ECE5605,V;:niaTeCh ¢ b ;14



not magnitude

i Ex 3.8 normalization/

= PDF of sample values of speech waveforms
Is found to decay exponentially - at a rate a -
for positive and negative values

fX( ) _H — 0 <X <O
normallzatlon

—alx] —alx] _
J;Oce dx = 2!0@ gy =265 — ﬂ

—aoo -0

P[ <U:|——J- e Ml = 05_.- e “dx=al =l-e¢

BEEX — ECE 5605, Virginia Tech
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i Conditional CDF’s and PDF’s

Fy(x|A4)= P[{XPS[;%HA] if P[A]>0
fX(x|A)é%FX(x|A)
x|A )] S|Ads x|A)

generalized concept

BEEX — ECE 5605, Virginia Tech



Ex 3.10 conditional CDF & PDF

= [he lifetime X of a machine has a continuous
CDF. Find the conditional CDF & PDF given
the event A={X>t} (machine still working at )

Fx(X|X>t):P[X£x|X>t]=P[{X;[x)}((l{t;(>f}]
’ X<t <A9]
:<FX(x)—FX(t) .
— L 1R
i 0 x<t
x| fe(xlX>0=1 fi(x)
- Fy (1)

BEEX — ECE 5605, Virginia Tech - 17



Bernoulli r.v.

s Ais an event related to the outcomes of a
random experiment
0 (e¢Ad assigns # to outcome

1
L oed 1,({)isarw.

A

indicator function for A: 1, (.{) _{

!

Sy =1{0,1}

pmf: p,(0)=1-p; p,(1)=p=P[4]

1,(¢)=1~"success" — Bernoullir.v.

“tossing of a biased coin”: Bernoulli r.v. is @ model for this
fundamental mechanism for generating randomness”

BEEX — ECE 5605, Virginia Tech 19



i Binomial r.v.

= Random experiment repeated n independent
times. Let X be the number of times event A
occurs in these n trials.

X=L+L+-+1I sum of Bernoulli r.v.'s

(indicator functions for A in trial ))

Sy ={0,1,---,n}

P[X:k]:(ijk (l—p)n_k fork=0,1,---,n

BEEX — ECE 5605, Virginia Tech
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k  =arg m?XP[X =k|= L(n + l)pJ
if L(n + l)pJ = ((n + l)p_l then also max at k

max—1

Binomial PDF

PDF for binomial r.v. with p=0.2 and n= 24 PDF for binomial r.v. with p=0.5 and n= 24
02 “ “ T T T 0-18 T T
0.18+ B 0.16 - A
A | A
0161 A | 0.14+
A
0.14 -
0.12+ A A
0.12+
0.1+
a< 0.1t A o
0.08 - A A
0.08- A
0.06 -
0.06 -
0.041 0.04 -
OOZI Té“““““.“ OOZ.....A T Té“.“
s i) 04 1
0 5 10 15 20 25 0 5 10 15 20 25

Xy

Arises in applications where there are two types of object
(heads/tails, good/defective, correct/in-error, active/silent),
and we're interested in the number of type 1 objects in a
randomly selected batch of size n, and the type of each object
Is independent of the types of the other objects in the batch

BEEX — ECE 5605, Virginia Tech 21



i Geometric r.v.

s # of independent Bernoulli trials until first
occurrence of “success”

S, = {1,2,...}
p = P[A] = P["Success "] in each Bernoulli trial

k-1

P[M =k|=(1-p) p fork=12,-

\ geometric decay

BEEX — ECE 5605, Virginia Tech



Geometric PDF

PDF for geometric r.v. with p=0.5 for the first 15 values PDF for geometric r.v. with p=0.2 for the first 15 values
05 T T 02 T T
0.45+ e 0.18+ e
0.4+ e 0.16 - A -
0.35- s 0.14 - s
A
0.3+ s 0.12+ s
< 025 A 1 s 01F 4 1
0.2t 8 0.08 A 8
0.15+ s 0.06 - s
0.1+ . 0.04 - s
0.05! T | 0.02] T T |
A
0 T * A A A A A A A A 0 T T T
0 5 10 15 0 5 10 15
Xk Xk

decay like 0.5 and 0.8" respectively

BEEX — ECE 5605, Virginia Tech 23



i Geometric CDF

BEEX — ECE 5605, Virginia Tech
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Geometric r.v. — version 2

If our interest is in the # of failures before a success occurs:
PI[M'=k|=P|M =k+1]=(1-

PDF for geometric r.v. version 2, with p=0.5 for the first 15 values

045+
0.4+
035+
0.3}

o< 025 A
0.2+
0.15}

0.1+

0.05 T
0 T * A 4 A

AAAAAA

0 5
BEEX — ECE 5605, Virginia Tech X

)p fork=0,1,2,

M’ is also a geometric r.v.

0.

PDF for geometric r.v. version 2, with p=0.2 for the first 15 values

0.18+

0.16 -

0.14 -

0.12

0.1r

0.08 -

0.06 -

0.04 -

0.02 -

HHHMM

5

Xy

15



Poisson r.v.

= Interested in counting the # occurrences of an event
In a certain time period or in a certain region in space

s Events occur completely “at random”
= Emissions from radioactive substances
= Counts of demands for telephone connections
= Counts of defects in a semiconductor chip

ak

P[N:k]:ﬂe_“ fork=0,1,2,--

a is the average # of event occurrences
in a specified interval or region in space

BEEX — ECE 5605, Virginia Tech



Poisson PDF

PDF for Poisson r.v. with alpha =0.75 for the first 25 values
0.5 T T T T

045! .
0.4} 1

035 4 1
0.3} 1

o< 0.25) 1
0.2} 1
0.15} i
0.1F .

0.05F B

maXP[N:k] 1sat 0 for a <1

BEEX — ECE 5605, Virginia Tech
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0.35F

0.3r

0.25F

0.2r

0.15+

0.1+

0.05F

PDF for Poisson r.v. with alpha =1 for the first 25 values

A A

IﬁAAAAAAAAAAAAAAAAAAAA

0 5 10 15 20 25

Xy

maXP[Nzk] 1s at kK = o and

at k = o —1 for integer a > 1



Poisson PDF

max P|[N =k| isatk =« and

at k = o —1 for integer o > 1

0.25

PDF for Poisson r.v. with alpha =3 for the first 25 values

0.2+

0.15F

Pk

0.05a

0

T*‘AAAAAAAAAAAAAAA

0

5

10

X

25

max P|N =k] is kat | o | for o >1

BEEX — ECE 5605, Virginia Tech

0.14

0.12

0.1

0.08

0.06

0.04

0.02

PDF for Poisson r.v. with alpha =9 for the first 25 values

A A

0.14

0.12

0.1

0.08

0.06

0.04

0.02

10

Xy

15

PDF for Poisson r.v. with alpha =9.5 for the first 25 values

IT?*‘AAAAA
20

25

A
A

A

»
| 2
| 2

[6)]

10

TT*#AA
20



k
i Poisson PDF P[Nzk]z%e‘“ for k =0,1,2,+-
ia—e_a =e_aia—=e_“e“ =1 A S]=1

if nis large and pis small, then for a=np

k

(I e ke

Poisson PMF is the limiting form of the binomial PMF
when the number of Bernoulli trials is made very large
and the probability of success is kept small, so that a=np

recall: numerical problems in calculating binomial coefficients

BEEX — ECE 5605, Virginia Tech 9



probability of bit error in comms

iEx

= P[bit error]=

Bernoulli tria

(1000\
P =
k)

P[N2>5]=1-P|N <5]

10-3. P[=5 bit errors in block of 103 bits]

s with “success” corresponding to bit error

1000-k X

107 (1-107) =e k=0l

K

0
:1—e1{1+ 1 + 1 + 1 + 1}:0.00366

BEEX — ECE 5605, Virginia Tech
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Ex

= Requests for telephone connections arrive at a
switching office at the rate of A calls per second. It
Is known that the number of requests follows a
Poisson r.v. What is P[no call requests in t sec]?
What is P[2n call requests in t sec]?

average # requests in a £sec period is a=At

4
M), the # requests in £sec, is Poisson with a=At¢

P|:N O:| —ﬂ, —/lt
n-1 (/u)k »
P[N >n]—1 P[N ]zl—kzok—!e

BEEX — ECE 5605, Virginia Tech 14
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i Exponential r.v.

= Arises in modeling of the time between
occurrence of events, and in modeling lifetime of
devices and systems; A is the rate at which events

OCCUr
Iy (x) = de " u(x)

F, (x) = (1 — e‘“)u(x)

shown earlier

BEEX — ECE 5605, Virginia Tech 15



= For a Poisson r.v., the time between events is
an exponentially distributed r.v. with
parameter 1 =% events per second

s Binomial —» Poisson

s Geometric —» exponential

BEEX — ECE 5605, Virginia Tech
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i Gaussian (normal) r.v.

= In many situations in man-made and natural
phenomena one deals with a r.v. X that consists of a
large sum of “small” r.v.’s
s Exact PDF becomes complex and unwieldy

= Under fairly general conditions, as the number of
components becomes large (CLT), the CDF
approaches that of the normal r.v.

~(x=m)’
fr (%)= 1 e 4’2 —00 < X <0

o2

BEEX — ECE 5605, Virginia Tech
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Gaussian (normal) r.v. - PDF

PDF for N(3,2) r.v.

0.2 0.14
0.18}
0.12}
0.16|
0.14} 01
0.12}
0.08}
< 01 X
0.06]
0.08}
0.061 0.04|
0.04}
0.02}
0.02}
0 0
-10 -5 0 5 10 15 -

BEEX — ECE 5605, Virginia Tech

PDF for N(5,3) r.v.

the “bell-shaped” curve
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EX normal PDF integrates to 1

Q0

T Iy (x)dx = 1 T ex%dxj e_y%dy

—00 272- —00 —00
1 o —x2+yzy
:—j Ie > dxdy
272- 00 —00 COV :x=rcosf
27 COV :y=rsinf

e_’% rdrd @

Cartesian

polar
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Gaussian (normal) r.v. - CDF

X S m

j e
O 272' o ﬂCOV Sam
| (x— my _t/
LT
27

—00

cb(xamj where ®(x) £ —

F

CDF for M0,1) r.v.

“standard normal”
BEEX — ECE 5605, Virginia Tech

j/dt

23



i Q-function

used by EE as error probability

S0 %y
@ \/7 I probability of the “tail”
0(0)=0.5
O(-x)=1-®(-x)=1-0(x)
PN Q(-x)
v QU

BEEX — ECE 5605, Virginia Tech




i Gaussian (normal) r.v.

= Plays an important role in communication
systems, where transmission of signals is
subject to noise

s Noise resulting from the thermal motion of
electrons, can — from physical principles — be
shown to have a Gaussian PDF

BEEX — ECE 5605, Virginia Tech
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iEx

= A communication system accepts a positive voltage
V as input and outputs a voltage Y=o V+N, where
a=102and N is ~N(0,2). Find V>P[Y<0]=10-°

P|Y <0|=P|aV +N <0|=P|N <-aV]
VAN _q)(—an_Q(an _10-
N0 @ /| Table

\Y4
A 2 47535

O

vV

| \ v =4.753522950.6
R R R a

BEEX — ECE 5605, Virginia Tech 27
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i Functions of a r.v. V] F
. . O
s XIS a random variable X

= g(x) is a real-valued function defined on the
real line

m Y=g(X), I.e. for every X=x, evaluate g(x)=y
and assignitto Y g
= Y Is also a random variable IS
Y ——
= Find CDF and PDF of Y y R

ultimately probabilities are induced by the underlying experiment

BEEX — ECE 5605, Virginia Tech 2
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i Induced probability

equivalent events

P[YeC]=P|g(X)eC|=P[X eB]=P[¢ € 4]

useful events:

.

B

{ g(X)= yk} is used to find the magnitude of a jump in the CDF

{g (X ) < y} is used to directly find the CDF

{y <g(X)<y-+h} is useful in finding the PDF

g
Sy

BEEX — ECE 5605, Virginia Tech




i Ex 3.22 8-level uniform quantizer

= Let X be a sample voltage of a speech
waveform; assume X is uniform over [-4d,4d]

— Ty Y7%__
0 —— :%__:
N T d 4d
S (y) — — X
le— i
8
I fX(x)T
7 —t—— | |]: — >
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i Ex 3.23 alinear function Y=aX+b a#0

F
J
-
fy(y)=diyf” ()
fy ()=

BEEX — ECE 5605, Virginia Tech

a>0

a<(

L (y)=P|Y<y|=PlaX+b<y|=PlaX < y-b]

y—bj a>0
a

<
I—P}(y_bj a<0

a
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i Ex 3.24 linear function of Gaussian r.v.

y

/fy()

X

fY(J’)

|| —

1

=aX+b a#0
b
fX(y j
a| "\ a
1 ~(x-m)’
[y (% Vo

= e
O~N2T7T

| y—b—am%aa)z

ac| 2z

2

— 0 < X <00

linear function of a Gaussian r.v. is also a Gaussian r.v.

BEEX — ECE 5605, Virginia Tech



i EX 3.25 square law device
Y =X°

F,(y)=P[Y <y]= P_

—\/y7<X<

Iy (J’)

V-

<y

P )

LA )= o

'fX(ﬁ) 7 (-

(
b

] g
)

BEEX — ECE 5605, Virginia Tech
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i from Ex 3.26

y

Yo = g(x) < X5 X
X / \ produces 2 terms in PDF

(W) fe(—p)
fr(v)= NN

BEEX — ECE 5605, Virginia Tech



i Redo Ex 3.27

fory<0: y=x" hasno solutions = f, (y)=0 —
fory>0: y=x’ has two solutions: x, = \/; , X, = —\/;

| dy/ _
dx_zx

\_/ _fX(x)_ :_fX(x)_ +_fX(x)_
fY(y)_Zk: ‘a’%x I 2x] Jow L 2x] s

| _x=xk

_fx(ﬁ)jx(—ﬁ) ()
_ 2.y 2.y g

BEEX — ECE 5605, Virginia Tech
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i Nonlinear function Y=g(X)
P[Cy]zp[

equivalent events ﬂ induce equal probabilities

Sy () av] = S () |dx, |+ f ()| ey |+ £ () ]y

BEEX — ECE 5605, Virginia Tech

B, ]

fx (%)

Y

dx
RG]
_
YT

function of y

x:xk

13



i Ex 3.28
X~U(O,27z]

Y =cos(X)

@YZCOS(X) ’

fory<—lory>1: nosol’

fY(J’):O
for —-1<y<1:

Xy =cos” (y);x, =2z —cos () -0

dy
dx

= —sin(xo) = —sin {COS_1 (y)}

x=x0

BEEX — ECE 5605, Virginia Tech
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i Y =cos(X)
1

X~U(0,27] > f (X)ZE u(x)—u(x—Zﬂ)]

fX(x) 1
fr )= =
) Zk: ‘d%x Y e PN S
| —XZ.Xk j _1<y<1
1 sin(»)
FY(y):§+ _ for —-1<y<1

Y has the arcsine distribution

17
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