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Continuous Phase FSK (CPFSK)

To represent CPFSK, let’s use PAM signal for each k-bits block

d(t)=> 1,g(t-nT) is called delta function

Where [/, represent the amplitude values +1, +3,..., £(M-1) and
each of them maps k-bit blocks of information sequence

g(t) is rectangular pulse, amplitude 1/2T and duration T second.

d(t) signal is used to frequency modulate the carrier and the
carrier -modulated signal is

s(t) = ,/2? cos [2?1‘f3‘+ 4?3%_[ d(7) dr] f,: peak frequency deviation

The function J.jmd(r)dr Not consists of jump, this makes the result
phase shift with memory




Continuous Phase FSK (CPFSK)

For simplicity

Let g(t) be a rectangular pulse of amplitude 1/2T at [0.T]

s(t) = Ecas[Zﬁﬁr + ¢(t; I)]

where

#(1:1) = 47TY, I d(r)dr

= 4”1?;’_.;(2 I g(r— nT)} dr

n—1

' (t—nT)
:4;¢Tf( I 5 f
: k; “ar 5

n—1

=22 f,TY I, +2nf,(t-nD)I,

=—mw

] , te[nT.(n+1)T]




Continuous Phase FSK (CPFSK)

The phase of carrierin nT <t <(n+1)T is

n—1
d(t:1)=27Tf, > I, +2xf (t—nT)I, Special case of CPM
s explained in next slide

=0, +27hl q(t—nT)

where | [,2277,] [ Modulation index

0 = zh i L, Repres_ents the accumulator (memory) up
= to time (n-1)T

(0 (t < 0) L
g(1)=41t/2T (0<t<T) f
| 1/2 (1> 0) T




Continues-phase Modulation (CPM)

' The carrier phase of continuous-phase modulated signal is

o(t:1) = 2;&72 Ihq(t—kT) nT <t<(n+1)T

Ji.':=—l.'.!3

where

{} =1, =3,..., 2(M-1) sequence of M-ary information symbols
{h,} is a sequence of modulation index
q(t) is normalized waveform shape.

When h, is not fixed, the CPM signal is called multi-h

The normalized waveform q(t) can be represented as

q() = g()dr

« CPM signal is called full response CPM, if g(t)=0 for t>T
« CPM signal is called partial response CPM, if g(t)=0 for some t>T




Continues-phase Modulation (CPM)

Example of full response CPM; Some shapes of g(t) and q(t)
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Continues-phase Modulation (CPM)

Example of partial response CPM;Some shapes of g(t) and q(t)

1 27t q(t)
g(t)=—(—cos }T)‘* A
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Continues-phase Modulation (CPM)

Shoa

Example 1. &
The case of Binary
CPFSK with [ = +1 o
and g(t) is a full ha
response rectangular
function. o

The set of phase 0
trajectories starting
t=0

ha

2ha

—3ha

n—1
p(t;D)=7h > I, +27hl g(t—nT)| "

k=—l.'.|:l

-Sha




Continues-phase Modulation (CPM)

1

| Example 2:

The case of Quaternary
CPFSK with [ = +1
+3 and full response
rectangular function,
the set of phase
trajectories starting
t=0
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Continues-phase Modulation (CPM)

Example:

A phase trajectories generated by the sequence / =(1,-1,-1,-
1,1,1,01,1) for the partial response

A 1 2t

2hit i

) | Raised cosine of length 3T

hm |

-~
1---.-II~ () " ~ : f‘ ol -
S -7 T 27~ : : Y i 01 s. T _»"8TF
> ﬁ"\ " -
” == ""'\. Ll | -1 \\.,"' k1
-hz | L .
i 7
—1N o+
-2hm L

Phase trajectories for binary CPFSK (dashed) and binary, partial response
CPM based on raised cosine pulse of length 3T (solid). [From Sundberg
(1986), © 1986 IEEE.]
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Continues-Phase Modulation (CPM)

‘ Phase State trellis ‘

Simple way to represent the phase trajectories is concern only
those phase values at t=nT. Range from ¢ =0 to ¢ =n.

¢(nT.1) € ©, ={0,hz,2hr,3hx,...|

Example: For a full response CPM and h=m/p

o :{0 m 27m (P—l)ffﬂ?} ‘Formis even
B =

I ’ . There are p terminal phase state

G e {0 am 2zm  (2p-— I)PT}’H} ‘ For mis odd

} p p D There are 2p terminal phase state

‘ The maximum number of phase state is ‘

oo

f

pM*  m even M is alphabet size
2pM* m odd L is an integer # extends the pulse
shape

‘ el Pl P e e e ] [PRN SOE SY B . R o P ENE S E/~n CAA =7 4
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Continues-phase Modulation (CPM)

Example: The phase state of the binary CPFSK (full response)
with h=1/2 and S=4

0 I 2T 3T 4T

Difference between phase state trellis and phase trellis is:

The connection between state are made by drawing straight lines for phase state
trellis. This is not true for phase trajectories from one state to another

12



Minimum-shift Keying (MSK)

MSK is special case of CPFSK and modulation index h=1/2.
The phase of the carrier in the interval nT <t <(n+1)T is

1 —1 A g(t)
gé(r;I):E:ﬂrz I +nl q(t—nT) 1/2T
k=—x
=0+l (=D, aT<t<(@+D)T .
‘ T ()T

The modulated carrier signal is

5(1) = 44{:0{2??];146’” —I—%J’Ifn ( f_;Tﬂ

= Acos 2?1.7(]”r +i1”]f—imrfn L
AT 2
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Minimum-shift Keying (MSK)

« The binary CPFSK signal will have two frequencies in the
iInterval nT < t<(n+1)T

1 1
flzfc—ﬁ f:z:fﬁrﬁ

« The binary CPFSK signal can be also written as

s.(1) = ACGS[Z;’U‘;?+6’H + %nﬁ(—l)i_l} . i=12

The frequency separation | |Af = £, — £, =1/2T

This the minimum frequency separation that is necessary to ensure
the orthogonality of the signal s1(t) and s2(t) over a signhaling
Interval of the length T. That is why binary CPFSK with h=1/2 is
MSK
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Minimum-shift Keying (MSK)

Also, MSK map be represents as a form of four-phase PSK.

The equivalent low-pass digitally modulated signal is

v(f) =4 i [Izng(;‘_z;ﬂ’) + jI,,..8(t—(2n +DT)]

n=—00

where sinﬁ—f, tel0,27)
L | |g(®)= 21
0, ow

Viewed as a four-phase PSK signal with pulse shape is one-half
cycle of sinusoidal. The even numbered binary valued symbols
[,, of the information sequence are transmitted via cos of the
carrier. The odd-numbered symbols {/,,,,} are transmitted via
the sin carrier
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Minimum-shift Keying (MSK)

Transmission rate for each is 1/2T bits/ss, combine transmission
rate will be 1/T bit/s.

MSK

s()=A4> |L,,g(t—2nT)cos2zf.t+1,,,8(t—2n+1)T)sin27x 1]

n=—um

s(t), a constant amplitude and frequency modulated signal
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Minimum-shift Keying (MSK)

oo

A |1,,g(t—2nT)cos2x f 1]

=0

In phase signal component

Y i | L,,.,8(t—2n+1)T)sin27x f 1]

n

Quadrature signal component

s(t), a constant amplitude and

27 4T 6T 87

(b) Quadrature signal component

frequency modulated signal ‘ T \ ﬂ[\ [\ ﬂ f\ [\ i
B ERVAAVAVITAY,

‘ Frequency at |[#7.(n+1)T)

1
e
\fi;' 42’* L}

I 2I' 3r 4T 5T &I 1T

(c) MSK signal [sum of (a) and (b)]
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Comparison of MSK and QPSK

e s(t)=A4 Z |1,,8(t —2nT)cos2r f,t +1,,,8(t — 2n+1)T)sin 27 ft]
sinﬁ—f tel0,27) Continuous phase
where | |g(1) = 2T i
0, ow.
Offset QPSK 5 _
s()=A4) [1,,g(t—2nT)cos2zft+1,,.,8(t—(2n+1D)T)sin2z f 1]
where (i) — {L t€[9.2T)| | possibly +90 degree phase jump
0, oW, at each T
QPSK S

st — {— Ly, +2I2”+1 g(t—2nT)cos2zft+— Lo _212”“ g(t—2nT)sin Z;frfcr}

F1=—00
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Signal space diagram of CPM

Continues phase signal can not be represented by discrete points in
signal space, like PAM, PSK

It can be described by the trajectories from one phase state to another

Here is signal phase trajectories diagram for CPFSK signal for
h=1/4,h=1/3,h=1/2, and h=2/3

H=1/4 H=1/3 | | H=1/2 | | H=2/3 |
ot /,Tﬁ\ _
Vi s N G S G :;/. \g._
. | o olel N N\ |/
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O Multi-amplitude CPM

A CPM (as a constant-amplitude signal) carries
information in terms of its “frequency/continuous-
phase” change.

A As instructed by QAM to PM, can we put information

on the “amplitude” of CPM, such as a two-amplitude
CPFSK?

s(t)=2Acos2af .t + ¢, (t; D)+ Acos2af.t + ¢ (1; 1),

& (1) = 7h S] + 2701 [(t—nT)/(2T)]
fr=—o0

¢ (t;J) = 7h Z J, +27ahJ [(t—nT)/(2T)]

L k=—w

where <

20



A Different from QAM, which basically places
information on two orthogonal quadrature components,
the two amplitude-modulated components are not

statistically independent.

For example: 2-dimensional MSK

(+ cos(2af.1)
+cos(2f t)
+ sin(27f 1) #
|+ sm(27f 1)

s(t) =244

AX

(+cos(2af.1)
+cos(2af 1)
+ (27, 1)

|+ sm(27f_1)
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A Signal space (phase trajectory) diagram for 2-component
(2-amplitude) CPFSK

F
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A Signal space diagram for 3-component CPFSK
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O Maximum-likelihood sequence detector
A Example study : NRZI

sty O/—5(1) —s(1) Ol-s(t)

Wstr) FEIN).

1s5(1) Jﬁ.s-{f) =]

|-s(t)=-4

V/—s(1)

/i) /s /s fsir)

From the previous discussion,
= Ry,
where 7, 1szero - mean Guassian distributed with

variance N,/2, and £ 1s the index for time.
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A PDF of a sequence of demodulation outputs

1 E o —5Y
P q........ p= . — :—.- ‘ k k

l:l

ASi, ..., S have memory, so it is advantageous to detect
the original signals based on a sequence of outputs.

A If ML rule is employed, the resultant detector is called
the maximum-likelihood sequence detector.

O ML sequence detector for NRZI signals
dm(q....._rK):argma:&( . PR i | BB )
= argmax ————exp Z (7
S )E] AA} ( M}L“ 5 0

= *112111111 MNP Z(a —s;)". Euclidean distance

We therefore needs to search for all possible combinations

of (s,.....5, ), which consist of 2* possibilifies.
25



O ML sequence detector for multi-dimensional
signals with memory
P(Foreors P |50 5y)

- N (}19._5@.)1:|

=argmax ) ex s
- s : ':f:l.....ilx}ESE (m"’\.‘r )E:'.‘.'J *: p Z . ‘_

Ay (RonsTp) =ATEMAX

E N
=argmin, . 2.2 (n, —5y)", Euclidean distance,
k=l =l

where |S| = N. We therefore needs to search for all possible combinations
of (5,.....5;), which consist of 2™ possibilities.
A The complexity of “searching” the optimal solution

becomes a burden.

O Viterbi (demodulation) Algorithm

A A sequential trellis search algorvithm that performs ML
sequence detection
— Transforming a search over 2K vector points into a sequential
search over a (vector) trellis
— “sequential” = break the vectors into components and perform
the search based on each component (in sequence) of the
veciors
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£ .. i, =4 , :
Notations: 5, = J E T =(1-21,)s,_, € {—A A} 1s the channel symbol. which has memory.
I, € {0,1} 1s the digital input, which does not have memory. 5.

A The signal memory order of NRZI signals is 1 (L=1).

— The current channel symbol only depends on the previous
channel symbol.

— Assume the initial state is S, Then the trellis will reach its
regular form after the reception of the first two signals.

A Explaining the Viterbi Algorithm (from S, at t = 0).

— There are two paths entering each node at t = 2T,

SD 0/— S{f] . |:| i ,5([)
path (,.1,) =(0.0) or (1.1) '
) 1/ s(t)
— node S, at ¢ =2T,
denoted ]_)}e 5,3,(2?). S
1 0/5(1)

path (7,,7,) = (0.1) or (1,0)
— node S, atf = 2T,
denoted by S;(27).
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— Euclidean distance for each path

Euclidean distance for path (0,0) entering node S,(27) = D,(0,0) = (5 — (—A)* + € e (—A))

Euclidean distance for path (1.1) entering node S;(27) = D,(1.1) = (r; - A]J gy = (—A})]
— Viterbi algorithm.

+ Discard, among the above two paths, the one with larger
Euclidean distance.

o The remaining path is called survivor at t = 2T.
Veterb1 Algorithm (Example)
0.3 -0.5 -0.7 HIES

o~g 17 0§ 07 0§ 08 0§ o,

05 Vg 28 0§ 3.6 NG T
! |
=L r:|21" t=3T =21
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